The dilatation operator of planar N = 4 super Yang-Mills in the pure scalar SO(6) sector is derived at the two-loop order. Representation theory allows for eight free coefficients in an ansatz for the corresponding spin-chain hamiltonian acting on three adjacent scalar states. While four out of these follow from the known SU (2|3) sector two-loop dilatation operator, the remaining four coefficients are derived by diagrammatic techniques and a match to the known dimension of a length three primary operator. Finally, comments upon the use of this result for the evaluation of three-point structure functions of scalar operators at the one-loop order are given.
Introduction and Conclusions
The dilatation operator of planar N = 4 super Yang-Mills (SYM) determines the form of two-point functions of single-trace gauge invariant operators via its eigenvalues and eigenstates [1] . It lies at the heart of the integrability of the theory [2] . Indeed, the seminal observation of ref. [3] that the one-loop SO(6) dilatation operator is nothing but the Hamiltonian of an integrable SO(6) spin chain with nearest neighbor interactions (see [4] for a recent review) gave rise to the field of AdS/CFT integrability 1 . In an intuitive graphical notation the one-loop SO(6) dilatation operator takes the simple form 
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and acts on nearest neighbor vector states |Φ a Φ b with Φ a (a = 1, . . . , 6) denoting the six real scalar fields of N = 4 SYM. The symbols correspond to an identity, a permutation and a trace-interaction on |Φ a Φ b , respectively. This is indeed the only allowed structure for an integrable nearest-neighbor interaction. The generalization of (1) to the full SU (2, 2|4) excitation spectrum of the theory at the one-loop order turns out to preserve the integrable structure [7] . In the higher loop corrections to the dilatation operator the spread of the spin-interactions grows linearly with the loop-order. Then the initially pure scalar operators in the SO(6) sector start to mix with operators including bi-fermion and covariant derivative insertions, which is why an explicit construction of the two-loop generalization to (1) had not been performed to date 2 . The situation is different for the closed sectors of SU (2) spanned by two complex scalar fields Z = Φ 1 + iΦ 2 and Z 1 = Φ 3 + iΦ 4 itself being embedded in the maximally closed compact subsector of SU (2|3) involving in addition the third complex scalar Z 2 = Φ 5 + iΦ 6 and gluino field Ψ 4 α (α = 1, 2). In this closed sector the form of the dilatation operator is entirely determined to the three loop order by the SU (2|3) symmetry, the topology of underlying Feynman graphs, the protectedness of 1 2 BPS states and the existence of BMN scaling 3 [9] . This result was confirmed by an explicit three-loop calculation in [10] Note that it is the trace-term in (1) which does not couple to these closed subsectors as the contraction of any two scalars from the set {Z, Z 1 , Z 2 } vanishes. Similarly in the important non-compact SL(2) subsector comprised of Z and covariant derivatives acting on it, the dilatation operator has been perturbatively constructed to the two-loop order [11] , see also [12] for partial results at three-loops. For an overview on the status of perturbative constructions of the N = 4 SYM dilatation operator see [13] .
1 Indeed first hints of integrable structures in planar QCD appeared already prior to this in the study of high-energy scattering processes [5] (see [6] for recent reviews).
2 The SO(6) sector in the thermodynamic limit was studied in [8] . 3 As a matter of fact N = 4 SYM is known to violate BMN scaling starting at the four loop level.
The recent progress in the understanding of the spectral problem of N = 4 SYM was based on the powerful assumption of integrability of the underlying all-loop dilatation operator, i.e. its two-particle scattering factorization property, and constructing the underlying S-matrix essentially through its SU (2, 2|4) symmetry structure (see [2] for reviews). However, the exact perturbative expression of the dilatation operator remains unknown to date. This implies that while the Bethe-ansatz techniques (and its generalizations) give us the eigenvalues of the dilatation operator, the form of the eigenstates for the resolution of the hard problem of operator mixing in superconformal theories [14] remains unknown. This is particularly unfortunate, as these eigenstates enter crucially in the determination of the three-point functions in any perturbative study of the latter.
This necessity was the motivation for this work to establish the form of the two-loop dilatation operator in the pure scalar SO(6) sector generalizing (1). Our central result takes the diagramatic form 
where the first four terms already follow from the SU (2|3) result of [9] . We derived this by classifying the possible terms in a general ansatz and by performing a minimal number of explicit Feynman diagrammatic computations along with requiring a match with a known two-loop scaling dimension of a length three-state. As mentioned above this result will be of crucial use for the computation of three-point functions at the one-loop order. Three-point functions of single-trace operators in N = 4 SYM were studied at weak [15] [16] [17] and recently also at strong-coupling [18] as well as from the integrability perspective [19] (see also [20] for a brief review). Our result will be instrumental for curing the missing mixing contributions of the preprint [21] which will appear in a companion paper [22] . In addition, the above Hamiltonian represents the pure scalar piece of the general SU (2, 2|4) dilatation operator at the two-loop level. It would be interesting to see to what extent the form of (2) together with the rich symmetry (and integrability) structure of the full theory already determine the complete two-loop dilatation operator of N = 4 SYM.
The 2-loop planar SO(6) dilatation operator
In this section, we evaluate the pure scalar SO(6) piece of the two-loop dilatation operator H 4 of N = 4 SYM, i.e. the part of the dilatation operator which maps three scalars to three scalars. Although the SO(6) sector of N = 4 SYM is not closed beyond one-loop due to the mixing with of three scalars with two fermions or one scalar with a covariant derivative insertion, the considered part of the dilatation operator is of interest: On the one hand it is a further step towards the construction of the explicit form of the complete SU (2, 2|4) two-loop dilatation operator of the theory. On the other hand the knowledge of this operator is necessary in order to resolve the mixing among primary operators in long multiplets up to order g 2 relevant for the determination of structure functions in three-point correlators at one-loop.
After these comments we proceed to the calculation. The two-loop dilatation operator or SO(6) spin-chain Hamiltonian H 4 can act on three letters the most. Each of these letters transform in the 6 irreducible representation (irrep) of SU (4) ∼ SO (6) . The tensor product of three 6 -dimensional representations of SU (4) can be decomposed in the following eight irreps
Here (f 1 , f 2 , f 3 ) d denotes a Young tableau of SU (4) with f 1 boxes in the first row, f 2 boxes in the second row and f 3 boxes in the third row, while d is the dimension of the representation. By taking into account the fact that the Hamiltonian should be a singlet under SU (4) one can write the most general form for H 4 . This reads
where P i is the projector of each of the irreps appearing in (3). From (4) it is apparent that to fully determine H 4 one has to find the eight coefficients
In what follows, it will be more convenient to parametrize the Hamiltonian in a different but equivalent way. Namely we write it as, (5). The first line is the SU (2|3) bosonic piece of Beisert [9] , the central result of this work is the determination of the remaining coefficients c 5 , c 6 , c 7 and c 8 .
see figure 1 for a graphical representation.
The action of these operators on the three scalar letters is defined as follows
where repeated indices are summed over. In (6) a, b, c, . . . = 1, . . . , 6 denote the SO (6) indices of the scalar fields Φ i . In writing (5) we have made use of the invariance of H 4 under parity (see eq. 2.154 and 2.155 of [23] )
to make the coefficients of the operators in each of the brackets of (5) equal. Furthermore, the hermiticity of H 4 imposes the condition that the two coefficients appearing in the last line of (5) should be the complex conjugate of each other. However, the analysis of the corresponding diagrams that will be performed shows that these coefficients are real and, as a consequence, equal. We conclude that the full scalar 2-loop Hamiltonian H 4 can be written in terms of 8 independent constants c i , i = 1, ..., 8. In what follows, 4 of those constants will be determined by applying (5) to states in a SU (2|3) subsector for which the Hamiltonian is known from the work of [9] , 3 from Feynman diagrams and the last one by comparison to the known 2-loop anomalous dimension of the length 3 operator
We start by considering the action of H 4 on the SU (2|3) state |Z 1 Z 2 Z 4 . These three complex scalar fields together with ψ 4 α form the basis of a closed SU (2|3) subsector of the full P SU (2, 2|4) algebra. The supercharges that close the sub-algebra areQ
andS 1α ,S 2α ,S 3α . Here and in the rest of this note we use the conventions of [24] . When 4 Recall the complex combinations Z = Φ 1 + iΦ 2 , Z 1 = Φ 3 + iΦ 4 and Z 2 = Φ 5 + iΦ 6 . written in terms of the six real scalars Φ i , i = 1, ..., 6 the state |Z 1 Z 2 Z becomes a sum of terms none of which has repeated SO(6) indices. This means that only the first four terms in the Hamiltonian H 4 will give non-zero contributions. Thus, one gets
This should be compared to the result obtained in [9] where the 2-loop Hamiltonian of the SU (2|3) subsector was derived by exploiting the algebra.
Direct comparison of (8) and (9) gives
Before evaluating the rest of the unknown coefficients, let us briefly review the construction of the anomalous dimension matrix. This matrix can be calculated from the mixing matrix Z
where µ is the renormalisation scale of the theory while the mixing matrix is determined by demanding the finiteness of the correlation function
Here O A ren (x) denotes the renormalized operator which is given in terms of the bare operators O B by the relation
One can employ renormalized perturbation theory by adding the appropriate counterterms to the N = 4 SYM action using supersymmetric regularization by dimensional reduction. Expressing the composite operators in (13) in terms of the renormalized fields
The strategy to determine the anomalous dimension matrix γ should be clear. One substitutes (14) in (12) and determinesZ A B by demanding that the correlator involving the renormalized operators is finite. Then one uses the relation (15) in (11) to get for the two-loop anomalous dimension matrix
Since it is a 2-loop contribution Z A 2 B will have poles of order 1/ 2 and 1/ . However, the 1/ 2 pole should cancel against the 1/ 2 pole coming from the − 1 2
term, resulting in a well-defined anomalous dimension matrix in the limit → 0. It is instructive to expand the 2-point correlator of the renormalized operators as follows:
In the equality of the first line we have used the fact that in the scalar sectorZ can be chosen to be real and symmetric, i.e.Z † =Z. In Figure 2 we depict all different kinds of diagrams that can in principle contribute to the correlator (17) at 2-loop order. Let us notice that the diagram 1e is 0 since it is proportional to (∂ 1 − ∂ 2 ) · (∂ 3 − ∂ 4 )H 12,34 with x 1 = x 2 . This last condition is due to the fact that the propagator of the top scalar that emits the gluon has both its ends at the same point. The expression for H 12,34 can be found in [15] .
To illustrate the procedure let us focus on the following anomalous dimension matrix element of the SU (2|3) sector H 4 |Z 1 Z 2 Z = − In 2a-2e the interactions connect three pairs of letters. In 2f-2k they connect two pairs of letters while in 2l just one pair. Finally, 2m-2p are the disconnected diagrams which will give the log 2 term necessary for the conformal structure of the correlator. We should mention that we have not drawn any diagrams coming from the counter-terms added to the Lagrangian and that diagram 2e is 0.
then be plugged in (16) to give the correct 2-loop matrix element, − 1 2 g 4 . This value was obtained in [9] by exploiting the algebra of the SU (2|3) subsector.
We now turn to the evaluation of the remaining 4 unknown coefficients. To start with, Figure 3 : Diagrams 3a and 3b contribute to the coefficient c 7 . 3c is the analogous diagram for the SU (2|3) sector. By inspecting (19) one can verify that diagram 3a has the same space-time structure as 3c but its value is 1/4 of the value of the latter.
we consider the action of the 2-loop Hamiltonian of (5) on the state |Z 1Z1 Z . This gives
Using H 4 |Z 1Z1 Z = c 7 |ZZ 2 Z 2 + . . . , where the dots denote terms that are different from the bra |ZZ 2 Z 2 , the matrix element c 7 can be determined. Because of the fact that the field Z jumps over both Z 1 andZ 1 the number of diagrams contributing is limited. In fact there are only two. They are the diagrams 3a and 3b depicted in Figure 3 . We need the contribution of these diagrams to the renormalisation matrix Z A B in terms of which the anomalous dimensions matrix γ is calculated. The contribution of the diagram 3b is calculated in appendix A. The contribution of the diagram 3a can be deduced from the results of [9] as follows. Consider for a moment the diagram 3c of Figure 3 . As mentioned above, this diagram gives the only contribution to the g 4 anomalous dimension matrix element
The crucial observation is that 3c has the same space-time structure as 3a. The only difference comes from the flavor structure of the two diagrams. One can rewrite the 4-scalar vertex of N = 4 SYM as (19) where the first set of dots denote two terms similar to the one written but with the fields being Z 1 , Z 2 or Z, Z 2 instead of Z, Z 1 while the second set of dots terms where instead of Z one has Z 1 or Z 2 . By inspecting (19) one can see that the diagram 3c is 4 times the diagram 3a. This is so because each vertex of 3c is -2 times each vertex of 3a. This means that the divergence of diagram 3a is 1/4 that of 3c. The same holds for the 1-loop squared term Z
process is again -2 times the corresponding one-loop Z contributing in the process we are considering. Consequently, the logarithmic divergence and thus the contribution to the anomalous dimension matrix γ of the diagram 3a is 1/4 that of the diagram 3c. We write this result as
The contribution of diagram 3b to Z A B is evaluated in Appendix A. It has a simple pole and is given by
from which one can deduce the contribution to the corresponding anomalous dimension matrix element to be
Summing (20) and (22) we get the final result
Next we evaluate the coefficient c 8 . To this end we draw the relevant diagrams in Figure  4 . Again by looking at (19) one can verify that the diagram 4a is − 
Summing (24) and (26) we get the final result
The next coefficient to be evaluated is c 6 . This can be achieved by focusing on the following matrix element
where the dots in the right hand side of (28) denote terms that dot not involve the state |Z 2 ZZ 2 . The contribution to this coefficient comes from a single diagram depicted in Figure 5 .
We close this Section by finding the value of the last undetermined coefficient c 5 . Unfortunately in this case the number of diagrams proliferates and the direct diagrammatic method used in the above is not as easy as before. Fortunately however, one can determine c 5 by demanding that the operator O 3 = Tr Φ i Φ i Z has the known 2-loop anomalous dimension −6g
4 as was determined in the work of [1] by computing the anomalous dimension of a descendant in the SU (2) sector. At this point we should mention that the operator O 3 does not mix with operators including fermions and covariant derivatives [17] and as such it is ideal for using it to determine the last unknown coefficient. To this end we evaluate the action of H 4 on O 3 . One gets
From (31) it is possible to find the last unknown coefficient c 5 by using the fact that the 2-loop anomalous dimension of O 3 is equal to −6g 4 . Plugging in (31) the values for c 6 = 
3 Resolving the mixing among primary operators
In this Section, we discuss the resolution of the mixing among primary operators up to order g 2 using the expression for the scalar piece of the 2-loop dilatation operator of N = 4 SYM (32). The knowledge of the exact form of the eigenstates up to order g 2 is crucial for the 1-loop computation of three-point correlators involving primary operators, which we will report upon in a companion paper [22] .
The starting point is a set of primary operators O p i , i = 1, ..., n which have the same quantum numbers and naive dimension and diagonalize the 1-loop Hamiltonian H 2 of [3] . Here we will make the simplifying assumption that the one loop eigenvalues are nondegenerate. It is known that these 1-loop eigenstates mix with other operators having fermions and covariant derivatives. The resolution of the mixing with fermions can be achieved using the method of [24, 17] or equivalently by diagonalizing H 2 + H 3 up to order g 3 [25] . Let us denote this eigenstate of
What we are after is the next g 2 correction to the form of the primary operator. This correction will include an operator whose letters are scalar fields and can be written as a linear combination of the 1-loop eigenstates O p i , i = 1, ..., n. One way to determine it is the following. Firstly, we seek the operator which diagonalizes H 2 + H 3 not up to order g 3 but up to order g 4 . In other words we look for a solution to the eigenvalue problem 
On general grounds, the scalar operator O e i can be written as a linear combination of the 1-loop eigenstates. Namely,
By taking the product of (34) with the ket O pm |, m = i and using the orthonormality of the operators O p i we obtain the values for the coefficients c i m . These are given by
The projection of (34) along O p i | will give the value ofẼ 4i .
The complete resolution of the mixing up to order g 2 can be achieved by considering the 2-loop Hamiltonian obtained in the previous Section as a perturbation to the Hamiltonian of (33) and making use of time independent non-degenerated perturbation theory. The correction to the eigenstate and eigenvalue coming from H 4 should then be added to the eigenstate and eigenvalue of (33) to obtain the final 2-loop energy eigenvalue
and its corresponding eigenstatẽ
Notice that in (39) we have not written the O(g 2 ) single trace operators having covariant derivatives. These terms originate from the non-diagonal elements of H 4 between scalar operators and operators having derivatives and do not alter the 2-loop eigenvalue of the energy (38). They can be evaluated as in [17] .
Finally, let us mention that we have performed an independent check of (32) by evaluating through (38) the 2-loop anomalous dimension of the primary operator whose leading term is Tr Φ AB Z p Φ AB Z 2−p to find perfect agreement with the 2-loop anomalous dimension of a level four descendant of this primary that belongs in an SU (2) subsector [1] .
For the sake of simplicity we have not written explicitly the free SU (N ) indices of the operators appearing in the diagram 3b.
First we perform the y 1 integration which gives a finite result 
Subsequently we perform the second integration 
Putting everything together and keeping in mind that ω = 2 − it is straightforward to verify that the diagram of Figure 1b has a simple pole in .
We should notice the we have factored out three propagators (the three first fractions in (44)). Consequently, one needs to include an appropriate term in the expression for Z. This terms should be − 
This factor of − 1 2
is due to the fact that in (17) the correlator Õ † B (x 2 )Õ A (x 1 ) appears just once whileZ A B appears twice, once in the second and once in the third line of (17) . The same − 1 2 factor is necessary in order to reproduce the correct 1-loop anomalous dimension of [3] .
